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ENMMARY “

Severalproblemsonthelargedeflectionsof curvedplateswithcom-
poundcurvaturesretreated.Thelarge-cleflectioneqpationsofplatesand
of cylindersareused.Theeffectof initialcurvaturefora plateunder
sxialcompressionisto increaseitsdeflectionconsiderablyuponthe
applicationof load.Withincreasingloads,thedeflectioncurvesmerge
intooneregardlessoftheinitialdefkctionform. It is shownalsothat
theaverageshearstrainfora plateundershearloadingisnotmuch
affectedbytheinitialcurvature,atleastfortheinitialdeflection
functionused. Inaddition,forthecircularcylindricalplatewithsmall
initialcurvatureunderaxial.compression,thedeflectionsoftheplate
sreaffectedmoreby changesintheradius~ thanby changesinthe
initialcurvature.

I-tisshownthattheeffectivewidthofthecurvedplatesinlongi-
tudinalcompressionisreducedbythepresenceofan initialdeflection
function.

INIROIXTCTION

Thepresentreporttreatsseveralproblemsonthelargedeflection
ofcurvedplateswithcanpoundcurvaturewhichare‘typicalofaircraft
structuralelements.Theseelementsareacteduponby edgeloads(axial
or shear)andthestressessnddeflectionsme investigatedfor10EuM
causingdeflectionsoftheorderofthethiclmessoftheplateelements.

Theworkisdividedtitotwoparts.lhthefirstpart,thelarge
deflectionofa platewithsmallinitialcwvatureis investigatedfor
twoloadingconditions:axial(compression)andshear.h thesecond
pert,thelargedeflectionofa curvedplateebuentwithsmall.initial
curvaturefrana circulsrcylindricalshapeisconsider~.

k additiontothedeterminationofthedeflectionandstressesthe
effectivewidthssrecalculatdforseveralcases.

A right-handxyzcoordinatesystemisusedinthisreport.
Rectangular-plan-formplatesareconsideredsndtheoriginofthecoordi.
natesistskenforeachproblemasgiveninfigures1,2,end3.

Thisinvestigationwasconduct~underthesponsorshipsndwiththe
ftiancialassistmceoftheNationalAdvisoryComitteeforAeronautics.
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SYMBOIS

coefficientsgivenin appendixB

sheetMmensions

functionsof w~ snd ~; usedinequation(M)

coefficientuEedinequation(28)

unlmmqcoefficientsof complementarystressfunction(see
eq.(13))

D= m3/@l”. ~2)

‘q=cosh&

totalwidthofsheet,anycoordinatesystem

effectivewidthof sheet(seefig.T(a))

modulusofelasticity

anystressfunctionandstress-functioncoefficients

complementarysolutionofequation(13)

particularintegralof F

shearmodulus

thicknessofshellorplate

constantsinequation(I-6)

+ qbfi/2a

Sinh##
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m,n,~r,s,t constants

3

msx

P

Px

E,%

%

u

U,v,w

E

Uo

v

w

w,w~

Wo>%ln

Wc

WI

X,y,z

a = %llaXp

maximumvalue;usedasa subscript

surfaceload

10SJIperunitlengthof edge

aversgecompressivestressesinx- andy-directions,
respectively

radiusof circularcylimtricd.curvedpbte fromwhichcompound
curvedplateis a deviation

strainener~ofbendingandstretching

displacementsinx-,y-,andz-directions,respectively

averagedisplacement

initialdisplacanent

totalpotential.ener~

potentialener~ ofappliedlosd

totaldeflectionandcoefficientoftotal.deflection

initialdeflectionandcoefficientofinitialdeflection

deflectionatcenterof

additionaldeflection

coordinatesofa point

plate

++Y7xy’ median-fiberstrains

“ E=x ) y“)7xy”extreme-fiberbendingandshearingstr-

q averageedgestrain

v Poisson’sratio
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aw fiberstress

Ux’,q’,uw’ median-fiberstresses

~,1,%,,,aw,r erlreme-fiberbendingandshearingstresses

() averagevalue

IARGEDEFLECTIONOFCURVEDPIATE5

FlatPlatesWithSmallWtial Curvature

Equationsof equiMbrium.- Theequationsgoverningthelargedefle~
tionof a thincurvedplateinwhichthedeflectionsarestillmall enough
tousethesimplifiedformulasforthecurvatureshavebeenderivedby
VonK&m& andbyMmguerre(ref.1)andcanbewrittenas

[) a2wla2w1
@F= E~2— ——

a2w1 a2wo

ax2 ay2 ‘2 s&G-

a2w1a2wo 1a2woa2w1
—— -— — (1)
ax2ay2 ax2aY2

+
P

[

hb2F *+_

1

& a2(w~+ ‘o) p a2F a2(wl+ ‘o)
w=—+——

D
D *2 &2 ax2 aY2 hay axay

(2)

Equation(1)representsthecmpatibili~equationsforthemedian-fiber
strainsfora platewithaninitialmiddlesurfacedeflectionW.. These
strainsare

=xr=*+@ - X32
1

}
(3)
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Equation(2)istheequild.briwnequationtakingintoaccounttheinitial
deflectionw. ofthemiddlesurface.Theadditionaldeflectionappears
intheleftsidesinceitinvolvesbendingmomentswhichdependonlyon
thechangein curvaturewhiletheslopesontherightdependonthetotal
deflecti&.

In addition,

Theextreme-fiber

themediaa-fiberstressesandstrainssre

bendingandshearingstressesare

-( a2wl
ax” = -

2(1: #) &2

+

2
~“ = - P(lm 2)~

-v

)a2TT1
+v—

aY2

)a2wl
+v—

&2

a2wl
aw” = - &&&

(4)

(5)

——. -.— ..—— .—.——. _ ..-. —.—— ——-—
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Thestrainenergyof stretchingandbendingoftheplateisgivenby

Notethat

2

J[ ( )]

a2wla2w1 a2w1
—— - dxdy=o
ax2 ay2 -

if WI iszeroattheedges.Thus,thetotalpotentialenergyis

v =U+w (7)

where W isthepotentialenergyoftheapp13edloads.Themultiple
integrationistakenovertheareaoftheplate.

Plateswithnormal@ge loads.-Thecoordinatesystemusedforand
themsnnerof loadingplateswithnormaledgeloadsareshowninfigure1.

Sincethistheorywillbeappliedtoplateswithsytmnetricinitial
deflectionssmdloadstheassumptionthatthereis symmetryaboutthe
center13nesoftheplatewillbe usedhere. Thefollowingboundary
conditionsappeartobe reasonablerepresentationsofsuchplateelements:

(1)Theresultantloadis constantinthex-direction(zeroload
in ydirection);thatis,

Pxb=h
J

Ux‘W = -Ypb = co~t~t
o

where Px istheloadperunitlengthoftheedge.

(2)lTheedgesx=O and x=a arestraight.

edge

(3)She- stressesarezeroatalledges.

Forthiscasethepotentialener~ oftheappliedloadfornormal
loadsalongtheedgesx = O and x = a is

—.—.———— .——
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$( )w = - ax’ux=o,a w (8)

Itis convenient,withthecoordinatesystemshowninfigure1,
to assumew and w. asa doublesineseriesin x and y. Hence,let

r.n m

w= x z ~sin~sin~ (9)
m=l,2,3,...n=l,2,3,...

w
W. = x z %ns~~qy

m=l,2j3,...n=l,2,3,...
(lo)

Upon
seen

substitutionof equations(9)end(10)intoequation(1),i,tis
thata particularintegralfor F willbe

F$2+ m m
F=-— x x E ~osy

2 ‘qrCos a (11)
q=0,1,2,... r=0,1,2,...

where ~
valueof

Valuesof
functions

istheaveragecompressivestress“hthex-direction.The

‘qr intermsof

‘qr=

theunknowncoefficientsWu snd ~ is

(12)

‘qr aretabulat~

of Yml - %ln”

intable1 sndthequantitiesBi are

Therequirementthatonlyonepairofedgesx = O and.x = a is
loadedand&t theotherpairisstressfree-addsa cmplaentarysolu-
tionto F (eq.(11)).Thisfunctionis

m
Fc=- Z Cq Cos~

q=l,2,3,... {(
1+& coth~) cosh~(y - ~) -

[
*y
a ( ]}

-;sinhg y-; (13)

.- —— - -_ —___ ._._ __, . . — .— —— .—- ——
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Assertionoftheboundsrycondition

%Y’=O

a% y = O,b leadsto thevaluefor Cq of

2 ‘qr
q=2,4,6,...

c~= ofib

cosh~+ 2a
Sinh=2a

Thus,alltheboundaryconditionsaresatisfidby
Condition(1)issatisfiedby usingequations(3),
d.ition(2)csnbeverifiediftherelationbetween
ment u isintegrated.Thisintegrationleadsto

(15)

thesesolutions.
(11),and-(n). Con-
strainanddisplace-

Ux.a = -llx*=
Ja~2{’x’ ‘i[($iY-(~~}ti

3?* w

()aT-— x x (22 2=
-fix

mwm-~m )‘iam=l,3,5,...n=l,3,5,...

whichisa constant.Theremainingconditionof zeroshearingstresses
isobviouslysatisfied.

MethodofSolution.-Thedirectmethodofsolutionutilizingthe
principleofminhumpotentialener~tillbeusedimteadof attempting
to satisfytheremahlngdifferentialequation.Thusfar,thestress
functionF islmownintermsofunlmowncoefficientsoftheadditional
deflectionWI(X,Y). By thedirectmethod,a firstvariationofthe
totalpotentialener~ setequalto zerowillyieldnonlinesralgebraic
equationsforthecoefficientWw whichthenmaybe solvedconveniently
by successiwapproximation.

Theformationofthetotal-potentialfromequation(7)by insertion
of equations(9),(10),(11),and(13)leadstointegahwhicharelisted
inappendixA.

h this
obtainedfor

procedurea systemofnontiearalgebraicequationsis
thecoefficientsWm intermsoftheparameterofthe

—
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load(~~2/#D) . Forthenumericalexamplesgiven,fourunknowncoef-
ficientsWll, W13, w31,and W33 areused..Itis convenientinthe

solutionofthesealgebraicequationsto assumea valuefor ’11 ‘d
thentotransposeallnonlineartermstotherightside.A firstapprmc-
htion isthenobtainedby neglectingallnontiesrtermsontheright
sideandsolxingtheremddng eqyatiomby Crout’smethod..A second
approximationisobtainedby substitutingtheresultsofthefirst
approxhationintherightsideoftheequationsandapplyingCrout’s
method.Theconvergenceisveryrapid.An exampleofthisis shownin
tale 2.

Thenumericalresultsindicatethatthreeto fourcoefficientsww
eresufficienttorepresentthecompletesolutionforpracticalapplica-
tions. Intable2,thecenterdeflectionswe/h usingthefourcoeffi-
cientsWu, W13YW31Y- ’33 me given.Thereisalsoshownin

thistablethecoefficientw=
/
h whichisequalto we/h ifonlythe

(Wu coefficientisused with W13j W31,and W33 takenequaltozero).

Thusitisseenfromtabl.e2 thatthedominantcoefficientis wU, and

iumostcasesthefourthcoefficientW33 isavezy smallpercentageof
thefirst.Thisisexpectedsincethefinaldeflectionis assumedtobe
ofthesameformastheinitialdeflection.T~t isjwe p~te ~ be~
morenaturallytothegiveninitialdeflectionby a compressiveloadfor
smalldeflections.

Numericalexsmplesareconsiderdfortwomexhmminitialdeflec-
tioncoefficientsof h and (1/3)hwhere h isthethichessofthe
plate.Comparisonwiththeresultfrmnreference2 isgoodif account
istakenthatamexhum Initialdeflectioncoefficientof O.lh was
usedthere.Thedeflectioncues withincreasingloadwe shownin
figure4 togetherwiththeresultsfranhear theory.Thisfigure
showsthecoincidenceofresults(smallandlargedeflections)inthe
linearrsmge.Moreover,alldeflectioncurvesmergeforlargedeflec-
tionsregardlessofthedifferentinitialdeflectionenrplitudes.Of
course,thisisphysicallyevident;almo,themergingpointappesrsto
occuroutsidetherangeofv8LLdityoftheequationsused.

Thismethalofsolution(Ritzmethcd)canbeeasilyappliedto
lsrgedeflectionproblemsofa similarnature.Furthercalculation,
forexample,canbeperformedforinitiallycurvedp’lateswiththesame
boundaryconditionsaathosetreatedaboveframtheintegrahgivenin
appendixA. Ihsummaryitshouldbementionedagsdnthatonediffer-
entialequation(forF~ andtheboundaryconditionsaresatisfiedexactly
andtheremaidngdifferentialequationissatisfiedontheaverageby
replacingitby theassertionoftheminimumofthepotentialener~.

——.-— -— —.——.. ——— ..—. _
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Platesunderedge shearloads.-Inthisexample,a sgpareplate
witha smallinitialwarpis comider~. Theplateisloadedinpure
shearalongtheedgeswhicharesimplysupported.Thecoordinatesystem
is showninfigure2. Thewarpingisagaintreatedastheinitial
deflectionW. ofa flatplate.Thus,witha linearvariationalong

~.

theldnesofconstantx or y, theinitialdeflectionis

Wo =klx+~+kxy (16)

It is apparentfromequation(1)thattheMnear x and y termsof
theinitialdeflectionequation(16)csmnothaveanyinfluenceonthe
stressfunctionF” furthermore,these13neartermsdonotenterstrain-
energyexpression~6)w~&istiesmefort~:aW~e. Thus,the. >.
coefficientk ofthe w

Wo =

where cc= w?max/a;‘%X

Inadditionto simply

tensinexpression(Ibjisgivenby

isasindicatedinfigure2.

supportededges,theplateelementswill

(17)

satistithefollowiwz13-Gu%e.rYconditionswhichappearrea80n*lefor
physicalapplications.At x-=O,a, ~ =0 ani-’q=~, md,

at y = O,a, —=0 and ~=~.%’ Itisnotedthatthesecondi-

tionsaresatisfied,

Thedeflection

on~e average.

w. underloadexeassumedas
L

m
q = x %.m sin ~ Sk 9$Y (18)

mn=l,2,3,...

Frcnnsymmet~considerations,Wm = Wm forallvaluesof n and m,
and,if m + n isan@d nuniber,thetermsmustvanishforthessme
reason.Ihtheexanplechosen,theseriesistruncatedat n = m = 3
sincetheleadingte&s dminate. Thedeflection
givenby the~ression

w =Wl+wo isthen

)
sti.~sing +

.

(19) w
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Thesubstitutionofthis
forthestressfunction

expressioninto
F intheform

u

equation(1)yieldsa solution

(20)

‘e ‘lues ‘f ‘qr sxegivenintable3.

Ifequations(19)and(20)aresubstitutedintostrainenergy
expression(6),thestrainenergyU msybe expressedin termsofthe
unknownparameterswlljw13,wz, and w33. !l?hepotentialenergyW,
oftheappliedshearingforcesalongtheedgesis

(21)

wheretheintegrationisperfomnedovertheplanformoftheplate.The

expressionfor
()
~ + * canbe foundfrm equation(3).
* $&h

Thetotalpotenti=ener~ V (eq.(7))isnowmadestationarywith
respectto eachoftheunlmownparameters.Thesolutionofthefournon-
13nearalgebraicequationsfollowstheiterativeprocedureof reference3.
me resd.tsaregivenintablek andfigure5.

Theproblm

‘h
= 8h. The

ineachcasehas
firstcaseofan

haabeenevaluatednumericallyfor w- = O and

relationshipbetween
(%3:7 d (%%:)2

beenplottedinfigure5. Itisnotedthat,inthe
initiallyflatplate,

plateincreasescontinuc&lyafterthe
‘ whereastheclassicalsmall~eflection
(brokenlineinfig.5).

Thestressfielddevelopedinthe
be resdilycamputedfranthevaluesof

thepostbucklingstre&thofthe
criticalbucklingloadisreached,
theorypredictsa constautstrength

plateu thebuckldngproceedsmay
theparametersW1lY w~ Y w=)

and W33 byusingequations(k)and(5).

Ihfigure5,theresultsofanapproxhatesolution(ref.3)of
VonK&n&’s large4e$lectionplateeqyationssreplotted.Thissolution

.. —-. .— —— —
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assumesthe formof WI identicalwithequation(19),exceptfora con-
stantfactor.However,scmewhatmorerigidedgeconditionswereimposed “ “
ontheplate(i.e., 6X’= O at y = O,a and ~’ = O at x = O,a).
This accountsfortheslightlylargervalueof G fora givenvalue
of averageshearstrain.Itisnotedthatthisdifferenceissmallso
thatitappearsthattheedgeconditionshavea smalleffectontherela-
tionbetweenappliedaverageshearstressandaversgeshearstrain.

NearlyQf13ndricallyCurvedPlates

Thesmal14eflectionequationsof a curvedplateformedfrana body
ofrevolutionunderedgesmdsurfaceloadshavebeenconsideredfrcmthe
equationsofequilibriumof a bodyofrevolutionihreference4. b this
section,thelargedeflectionofcurvedplateswithsmallcanpoundcurva-
tureisinvestigatedbymodifyingthelarge~eflectionequationsof a
circularcylinderto includea smallinitialcurvature.Thecoordinate
systemandanindicationoftheplateshapearegiveninfigure3.

Thefollcndngequationsgovernthedeflectionofa curvedplate
whichdiffersslightlyfroma circularcylindricalshape.Itisnoted
thattheseeqyationsimnedd.atelyreducetothoseofreference~ (where
otherreferencesaregiven)forthecsseof W. equaltozero.

Themedian-fiberstrainsare

().au+l%2 awlho
ex‘

& 2& %-s

r)

2
~y’= $+; $ -5

%

du+a!z+xdh+$~
‘w ‘ ayaxaxay

Themedian-fiberstressesaregivenby

ax‘
[

=*&+
E

{

&
aY’= ~ -V2 &+

E
(
au

%’ = 2(1+ v)~

.

(=).

(23)

w
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b additiontotheabovestressandstrainexpressionstheequili-
briwnequationsinthex- andy%rectionsare,asbefore,

aux’ au ‘
ax

+x=()
&

(24)

y+%=o
&

(25)

Ifone
expressions

introducesa stressfunctionF definedby thesetof

(26)

andcombinesthesewithequations(22)through(24)a canpatibili~
equationdeterminedas

(a’)

results.

ofa thirdequi13.briunequationrelatingtothesumofthe
normaldirectiontothesurface,thepotentialener~ of
usedforthedirectmethcxlofsolutionasintheprevious

Inplace
forcesinthe
thesystemis
cases.Onenotesthata firstvariationofthetotalpotentialwill.lead
to theequilibriumequationnormaltothesurface.Themedisn-fiber
stressesaqdstrainsandtheextreme-fiberbendingandshearingstresses
arethesameasthosegivenby equations(4)and(5)ifitisremembered
thatthecoordinatesx and y herearethecylindrical-surface
coordinates.

Thestrain-energyexpressioninvolvingthesheetbendingand
stretchingisgivenby equation(6).However,theboundaryconditions
imposedonthisproblemnecessitateanotherstressfunction.Thepoten-
tialenergyoftheedgeloadwil~be thessmeasintheprevioussection,

. . . ..— .- _._. ..— ._ __ —.— .
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namely,theaverageedgeloadtimesthedisplacement.Sincetheedge
displacementis a constant,thissmountsto expression(8)withthe ..
boundariesx . *Z ~~bsti~t~for ~ . (),a. Theinitial.deflection
fromthecircularcylindrical.shapewill.be takenas

,.

TTo = CX2 (28)

indicatinga deviationofthemeridismcurvefrm strdghtness.

ClsmpedconditionswithregardtotheslopesatthebulXheador
stringerjuncturessreassumed.Thereasonforthisassumptionwasthat
itwasfeltthatmanytimesthebulkheadsorribsarefairlystiffin
torsionabouttheirflangesandthattheflangesarequitewide,thus
presentinga nearlyclmpedconditiontothesheetends.Furthermore,
sincetheplateisinitiallybulgedalongitsaxis,itwouldprobably
continuetobulgeunderlosdwhichwouldmeanthatthesheetwouldact
asa clampedsheetacrossstringersaswell. Obviously,othercases
couldbe consideredwherenearlysimplesupportconditionsmightexist.
Frcmthenatureoftheproblemjustdescribed,itisnecessarythatthe
edgesassociatedwiththestringersmoveinradialEnes;thatis,the
displacementv attheedgesy = i% mustbe zero.Also,itis S8sumed
thattheedgesrepresentedbybulkheadsorribsremainstrsight;thatis,
thedisplacementsu at x = tz areconstant.

To satistitheclsmpedconditionthea@.tionaldeflectionfunction
wasassumedestheseries

Substitutionofeqyation(29)intoeqmtion(~)
fora particularintegralfor F. Ittillbe

expression

(30)

where ~ and .% arethemagnitudesoftheaveragecompressivestresses

inthex- andy-directions,respectively.Thevaluesof F8t aregiven
intable5 andme similminmakeuptothe

Assertionoftheseboundaryconditions
to F whichhastheform

otherproblems.

addsa complementarysolution .
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.

.

(31)

Thevaluesof ~, Bq, (&,snd ~ sregivenin appendixB. After
applyingbound~ conditionsto thecomplementarysolutionforthepurpose
ofdeterminingtheunknowncoefficients,thedisplacementu is

(32)

Theexpressionsforthenonzerointegralmofthetotalstrainenergy
intermsoftheundetermineddeflectioncoefficientsaregivenin appen-
dixC. Again,a solutionwasobtainedbycollectinglineartermsand
firstomittingallnonlinesxtermsexceptonewhichwasspecified.The
equationsweresolvedby Crout’smethd andthesolutionsobtainedwere
usedto evaluatethenonlineartermswhichwereamitted.Thisiterative
processwascsrriedoutthreeorTourtimestoyieldthree-placeaccuracy.
Itwasmostadvantageousto specifyW31 ratherthan Wll inthisexsm-

pleforrapidconvergence.

Threenumericalexsmpleswerechosenforthissection.Oneplate
hasradius~ equaltoone-halfthevalueoftheothertwo;another
hasamsximwninitial’deflectionofone-ha~thevalueoftheothertwo
andthessmersdius~ asthefirstcase.Theresultsindicatethat
theeffectofinitialcurvatureisverysmallontheadditional.deflec-
tionasccmpsmdwiththeeffectof changingtheradius~. Themsxbmm
additionaldeflectionsaretabulatedintable6 andthestressesare
givenintable7. Themxdmm additional.deflectionsforone,two,and
fourtermsaregivenintsble8.

A plotoftheadditionaldeflectionatthecenteriSshownin fig-
ure6 forthethreecasesconsideredanddemonstrateswaphicallythe
effectofcylinderradiusandinitialcurvature.

Theratioofeffectivewidthto initialwidthdefinedastheratio
oftheloadcarriedby theplatetotheloadtheplatewouldhavecarried
ifthestresshadbeenuniformsndequaltoYoung’smodulustimesthe
averageedgestrain(ref.6)isshowninfigure7. h equivalent

— ..— -. .—— —- -—— —.—--\.-—-—--- -..— -..— — ——— —. —- —
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definitionoftheeffectivewidthinmanycasesistheratioofthe
averagestressacrosstheloadededgestothemaximumstressattheedges. ‘
Theresultsobtainedusingtbisdefinitionsrea~o showninfigure‘j’(a)
andclearlyindicatethedifferenceofthetwodefinitionsinthecases
consider&lhere. Thereasonforthisdifferenceistheassumptionof .
straightedgeswithzerodisplacementofthe y edgesgeneratingan
averageload %“

Theeffectofaninitialdeflectionfunctionforthecurvedplates
loadedin longitudinalcompressionisa reductionintheeffectivewidth.
Infact,thesheetdeflectsimmediatelyuponloadingsincethereisno
criticalbucklingload.As theloadincreases,theoutward(negative
Z)bulghgofthenesrlystraightcircuLarcylinderindicatesa higher
valueofeffectivewidththsnthatobtainedwiththeclampedflatplate
ofreference7;thisisprobablyduetothelargecurvatureofthebasic
cylinderSEccmparedwiththatofa flatplate.Thisisshowninfig-
ure7(a).Figure7(b)comparestheeffectivewidthofa singlefinite-
lengthwsvedeflectionoftheproblemconsideredherewiththesimply
supportedverylongcircularcylinderofreference6. Theincreaseh
effectivewidthhereisduetotheclampedboundaryandtheoutward
bulgingassumed.Itisnotedfromthefiguresalsothatthechangeof
effectivewidthwithincreasingedgestrainissmall.

CONCIIJDINGREMARKS

Theproblaofthelsrgedeflectionofplateswithccmpoundcurvature
hasbeenconsideredinthisreport.Thelsrge-deflectionplatetheory
andcircular-cyldndertheorywithaninitialnonzerodeflectionfunction
we used. Threecaaeshavebeenworkedoutccnnpletely.Thesesrean
initiallycprvedplatesubjectedto a longitudinalcompressiveloadsnd ‘-
to a shearloadanda curvedplate,withaninitialdeflectionfroma
circularcytiical shape,loadedwithlongitudinalccmrpressiveloads.

ThesolutionbytheRitzmethcdindicatesthata verysmallnumber
ofunlmowncoefficients(twoto four,ssy)wassufficientto givereason-
ableresultsevenwithlargedeflections.Thus,thestressconditions
andlargedeflectionsofcurvedplates(ccmpoundcurvature)msybe easily
obtainedby suchmethcds.Scmleresultsareshowninthefiguresand
tales.

Theeffectofaninitialdeflectionfunctionforthecurvedplates
loadedin longitudinalcompressionis a reductionintheeffectivewidth.
Theeffectivewidthofthecurvedplatewithalmostcircularcylindrical .
shapeishigherthsmthatoftheinitiallyflatplateandthatgivenby
@JY (ref.6)forcircularcylindricalCurvedpaneti.

b

ThePennsylvaniaStateUniversity,
UniversityPark,pa.,Apri12g,1955.
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APP~IX A

INTEQWS OFRECTANGULARP14YEEU3ADEDINEDGECOMPRESSION

17

T5edeflectionsofa rectangilsrplateloadedin edgecompression
aregivenby thefollowingexpressions:

m

Wo ‘xx8msin953in~
am=ln=l

IfPoisson’sratioistakenasO.3forthematerialtogetherwiththe
deflectionsgivenabove,thenonzerointegralssre:

m
&
2E x

q=2,4,6

( ()%’+~’)2& dY=&q~,6ra>,6 -1+$$Fqr2-
=

2 2 ~ ‘w%~ Fq#qt +
r=2,4,6t=o,2,4,6a2

— — . . ..... . . _____ ._ .._—.—. . -—.
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APPENDIX3

%A?%U?Gl/~ MUCHGREATERTEANMERIDIANCURVAKII@l

When 1A ismuchgreaterthanthemeridiancurvatureandwith

% ‘ =O alongalloftheedges,

~ = -Bq(l+ ~ coth

%=
-~(~+Q$ aoth

Substitutingthesevaluesof Aq and
displacaentandzero v displacementwill
of Bq and D-:

qfib
)-i-

~ andassumingconstsmtu
givethefoll.owingvalues

‘II %

..— . .. .. . ..———.—.__. — .— —.—— . ..— — .——
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APPENDIXc

INTEGRAISOFRK?I!ANGUIARDOUBIXCUKVXDPILTEWITH l%

MUCHLESSTHANMERIDIANCURVATURE

Thedeflectionsoftherectangulardoublycurvedplatewith l%
muchlessthsm meridian curvaturearedefinedby thefollowingexpressions:

z mz w
WI = ( )( )-=l+cosy l+ COS*

4m=l,3,5,...n=l,3,~,...

‘o =
(3X2

Withthesedeflections,thenonzerointegalsare

@r4h .S s F==>($+$$)D=(-,Y .M*+
B*,1,2, . . . I-=1,2,3,...
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where

qrZb

q%2 i-r2z2

4

(
fib 2

+81W312+‘u )
2+M*31W33+81w332+~ ‘H.+%.lw13

47CZ
(

2+2W11W51+81w
)}2+16?w15w33+W512+ 81W 2---J‘U 13 33

.—. —.. ___ _. ..____ —. —. —.
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m w

‘m ‘F ‘qr ‘OR w = z x s~=sh=‘m a b’m=l,5,~,...n=l,Y,5,...

fa r ‘w
o 2 (E/32)~wU2- 5U2 - 2WUWU + 9W312- I-8W51W33)

o 4 (@%)(wuw13+ ‘31W33)

o 6 (@2&~U2 + 9W332)

2 0 (E/32)(w112-8D2 - ~l~w~~+ 9wpj2- *~3w35)

2 2 (E/16)(WUW31+ WUW13 -4w13w31)

2 4 (E/@O)(-wllWU+ 9~~~w33+ 25W13W31)

2 6 (E/400)(~13w33)

4 0 (@)(w11w31+ %3W33)

4 2 (E/400)(-W=W31+ %’uw33+ 2%13W31)

4 4 (@+)(-w13w31)

4 6 (E/2,704)(-*L3W33)

6 0 )(@288)(W312+ 9W332

6 2 (@4@(9w31w33)

6 4 (E/2,7@)(*31w33)

.——. ~.—— —
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NUMERICALRESULBFOR

COMPRESSIONFOR

TABLE2

INITIALLYCURVEDPI&L!EuNDm EDGE

VARIOUSINITIALDEFLWITONS

(a) W. = 0.333h

‘* /~xb2hfi2D Wcp

0.35 0.176 0..351

.40 .726 .401

.50 1.503 .495

“75 2.780 .748

1.25 4.693 1.231

2.00 8.342 2.261

(b) wo=h

‘1..lP /
~xb2hYC2D Wcp

1.05 0.288 1.076

1.15 .902 1.175

1.25 1.480 1.273

1.50 2.877 1.5C4

1.75 4.2% 1.749

2.00 5.644 1.977

2.50 8.640 2.411

.
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V- OP FqrFOREKJJAKE,~LXEWEDPIA!IEUIUIEi= IOADING

25

~ r (:) (:) ‘qr

2 0 0 2 (1/8) (WU2- *nwu - *UW33 + 9UU2)

4 0 0 4 )(@.@(wuwu+9q3w33+*=2

6 0 0 6 (1/72)(W132+9W352)

2 2 2 -2 (1A)(WUW13-*U 2)+ wm&

2 4 2 -4 (1/2cO)(9uuw35 - w~w~ + 2mu2)

2 6 2 -6 W’m)(9wuw53)

4 2 4 -2 (1/200) (9WUW35- ‘liw13 )
+ 23W*2

6 2 6 -2 (WfJo) (9w&J

4 6 4 -6 (1/1,352)(*UW35)

6 4 6 -4 (1/1,352)(%UW33)

4 4 4 -4 (1/3d(-wU2)

1 1 1 -1 (4)(-w&w=)+ (lfl)WUK

1 3 1 -3 (@}(4WuWn + ~uwz) + (3/@wuK

(1/338) (I_6wuw= + 36W#33)1 5 1 -5

3 1 3 -1 (1/50 )(4wnwa + Ukvw=) + (3/mm~

(1/338) (1.6wuw= + 3%2’33)5 1 5 -1

3 5 3 -5 (1/578) (4WUW=)

5 3 5 -3 (W57m (-4WHW=)

3 3 3 -3 (@h3p

aAltematemluee.

.-—. .—. ———. ——. —. —
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!l!&lxx4

NUMERICALRISUIXSlK)RJIWPWUXCURVEDSQUAREPIATEUllDERSHEAR

IOADINGFORDDYERENTINITIALDEFLECTIONS

‘22/h

o
.05
.lo
.15
.20
.25
.30
.40
.50
.70
1.00

‘22/h

0.05
.10
.15
.30
.50

(a)

22.087
22.857
24.612
26.985
29.698
32.659
35.854
k2.g21
51.m5
70.692
110.470

(b) W. = 8h

14.349
21.897
28.324
47.583
70.873

8.495
8.747
9.330
10.091
10.939
11.842
12.795
14.839
17.100
22.405
32.~0

4.401
6.@L7
8.505
13.966
20.168

—2aaw

m2

22.087
22.743
24.257
26.236
28.kkl
30.789
33.268
38.582
44.461
58.255
85.202

11..443
17.282
22.114
36.3u
52.438

‘lc/h

o
.392
.739
1.037
1.295
1.526
1.737
2.E3
2.479
3.157
4.159

3‘lc/h1.003
1.438
l.~
2.615
3.393

.

.

——
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1

2

3

4

6

0

0

0

0

0

1

1

1

1

1

2

2

2

0

0

0

0

0

1

2

3

4

6

1

3

1+

6

1

2

3

[i )1[$2 %2._-”+ +?5#2+J!E
32 )]-(”U + “13

.- -...——. ____ ..._ __ _ _ — —
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TABLE5.-ConcmMd

mPRE8101EFOEFtimIxxlBmcmvEDsHEKL!mmm AxIALcOMPm2SIolv

. I + I F...

2

2

3

3

3

3

3

4

4

k

4

4

6

6

6

6

6

.—

4

6

1

2

3

4

6

1

2

3

4

6

1

2

3

4

6
—

[$k+%T.-%”13v31 -&3,”33 -&P33)

[i@+* )~(-32 ~ ‘v 2,
Qw V33 -32 3

[!4WW )Wl”31 - ; %lw33 - * ‘13w31

[11%+ %.)?( -%% -~%3v3r *h”,.)

[4*+9V3”U”33 -#”13v3r*%3.33)

[JW97(-”J3V3J

[itWWl(-b”33)

[l~%+fl(-32v3~ ~ 2- ~ V@_J

[JPP+M(-?V31”33)

[x*+%k-&3.”33 -%332)

,!

.

.
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TABLE6

DEFLIICTIOIEFOR IU3MAL ilMDING ON CIJRm PIM!TEMITERE 2~ = P .

ml) l/& ISMUCHGREATERTHANMERImANcuRvAmRE

(a) ~ = 0.Ab2/fi

l?~=h W. = h/2
w31Jh

/
~b2 ~2h2
x

~h
d /

~xb2~2h2 wl~h

-0.25 0.689 -0.138 ----- ------

-*5O 1.244 -.251 1.247 -0.247

-.75 1“734 -.346 ----- ------

-1.00 2.252 -.438 2.242 -.431

-1.25 2.858 -.531 ----- ------

-1.50 3.584 -.636 3.566 -.6M

(b) ~ = 0.E%2/fi;W. = h

/
~b2 l#h2w31fh IWlc h

-0.1 0.553 -0.058

-.2 1.061 -.112

-.3 1.529 -.163

-.4 1.971 -.210

-.5 2.392 -.256

-.6 2.802 -.300



9L4BIE7

mERIoAL vAmmw BlIm2m OAuwAmD mRrmBEi aJRvm2mEruTm 1/%.2,

l~MUCH~EIUiMEiDIAl!i IY.lRVNLORE,AKOwo=h

y pmiticm

dx”b2

E7r%2

ix
#h2

).@

.&g

.C&

o(

ax’k!2
#-h2

g

&%*

1.a55

.145

.21.6

.2M

.35’9

.431

dx’b2

EA2

-0.549

.l. c49

-L*

-1.928

-e.3fg

-2.TW

v?.!
k?h2

).@

.W3

Ux‘b2

E%%*

4.542

-1.q2

-1.469

-1.833

-2.239

-2.593

d
EA2

-&go

-.5*

-.762

-.899

-1. ml

-1.m

-O.*

-.452

-.s1

-MT

-.=3

.W’5

OX%*

R
2

k-M’b*

~’b2

E7r%12

a670

-1.~

-l.&

-2.4>3

-3a%

-3.554

0.553

1.C61

1.59

l.g-p_

2.592

2.802

-0.W

-.W

-.s33

-.377

-.473

-.570

-o.oe$

-.lgo

-.29+

-.379

-.473

-.%

D.W’2

.144

.215

.@3

.c46

.C%8

.@l

.Uk

.136

4.445

-.&3

-l.@

-1.524

-L827

-2?U4

-0,552

-.glko

-l.@

-L.%

-1.983

-2.*

LL48

.X1

A57

.617

.783

.%%

).lm

.422

.674

.927

l..1~

L633

-0.309

-.593

-em

-1. ~

-1.417

-l.@

4.403

-.762

-1. m

-l.%

-L.m

-2.5L6

.301

.4s6

.513

.623

.359

.4%

.Ull

. J-37

0.683

1.2M

~.m
2.252

2.8P

3.584

:

-0.226

-.481

-.’CJ-T

-.961

-1.212

-1.470

-o.21n

-.465

-.@

-.852

-.9M

-1.I..86

).@

. U.7

. 1~

.Z43

.316

.chg

.11$1

.U5

. U23

.!213

.253

I.lg+W5-f+’

-1.r(g

-1.6I.3

-2.038

-2.97

-3.I.40

<

).140

.276

dl.als

-1.0’77

-1.362

-1.~

-1.ZO

-1.581

-0.850

-1, &xl

-2.311

-3.U

4.rBo

+.214

.349

.424.492

.@

.673

.802

.530

.81_o

.961

,
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CONVERGENCEOF ADDITIONAL

SHEETUNDERNORMAL

TABLE8

CXNCIIRDEFECTIONFORDOUBLY_

EDGELOADSWITH l/R.MUCH

GREATERTHANMERIDIANCURVATURE

(a) W. = h; ~ = O.lb2/tih

pQ32
Oneterm Twoterms Fourterms

Ek2h2 (a)

1.lg4 -0.177 -0.239 -0.238

2.077 -.296 -.4W -.40~

3.074 -.420 -.732 -.562

(b) W. = h; ~ = 0.2b2/fih

p~*
~2h2

Oneterm Twoterms Fourterms
(a)

1.053 -0.083 -0.111 -oOsu

1.932 -.19 -.205 -.205

2.709 -.208 -.288 -.288

%terpolatedfromfour-termnumericalcalculations
@

forssmevaluesof —.
l%?h2

———.. —. —- —.. .—
. . ‘,.
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F&ure l.- Coordfoate system for plateswithnomad edgeloads.
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Figure 3.-Coordinatesystemfor doublycurvedsheetswith l/~ much
greaterthanmeridiancurvatwe.
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